Abstract: In this note we investigate whether the new ekpyrotic scenario can be embedded into ten-dimensional supergravity. We use that the scalar potential obtained from flux compactifications of type II supergravity with sources has a universal scaling with respect to the dilaton and the volume mode. Similar to the investigation of inflationary models, we find very strong constraints ruling out ekpyrosis from analysing the fast-roll conditions. We conclude that flux compactifications tend to provide potentials that are neither too flat and positive (inflation) nor too steep and negative (ekpyrosis).
Introduction
The strong no-go theorems which exclude tree-level de Sitter compactifications under a few simple assumptions with or without negative tension objects such as orientifold planes have been much explored because of the possible cosmological and phenomenological interests. However, the no-go theorems for ekpyrotic scenario which is alternative to inflation model in string theory is much less extensive. One motivation for the present work is to improve this situation. Since orientifold planes are a common ingredient in phenomenologically interesting type II string theory, it seems natural to explore the possibility of treelevel de Sitter vacua or inflation models in type II string theory with orientifolds. On the other hand, there is no constraint for ekpyrotic scenario in type II string theory at present.
The ekpyrosis inspired by string theory and brane world model suggests alternative solutions to the early universe puzzles such as inflation and dark energy, and assumes that two four-dimensional boundary branes which are located at the endpoints of orbifold in the higher-dimensional bulk spacetime [1, 2, 3, 4, 5, 6] . For brane world picture, all forces except for gravity are localized on the branes while gravity can propagate freely in the bulk. When we assume that there is an attractive force between two branes, these branes approach to each other, which gives big bang. Since the big bang is described as a collision of branes there is not the beginning of time in the ekpyrotic scenario. Although two branes move through each other at once after collision, we can get a model so that the branes become closer again.
The motion of branes is described by the potential of scalar field in a fourdimensional effective theory. Non-perturbative effects result in a potential which attracts one brane towards the other brane [1] . In order to resolve a horizon and flatness problem, the potential during a period of slow contraction before the big bang is negative and steeply falling. There was plenty of time before the big bang for the universe to be in causal contact over large regions, and in this way the horizon and flatness problem is automatically solved [4] . Then, the usual statement of the ekpyrosis is that the universe slowly contracts before the big bang with the equation of state w = p/ρ ≫ 1 . The scalar potential is expected to turn up towards zero at large negative value of scalar field in the ekpyrotic or cyclic models.
As two branes approach each other, the branes are rippled because of generating quantum fluctuations. Since the collision of branes cannot be happened at exactly the same time, the branes collide slightly earlier or later in some places. Our universe thus has a little bit more time to cool or hot. When we consider the curvature perturbation in the ekpyrotic scenario, it occurs a strong blueshift, which is in sharp contradiction with the small redshift of the scalar fluctuation in the CMB [7, 8, 9, 10, 11, 12, 13, 14, 15] . The occurrence of blueshift scalar perturbation is nonetheless a minor flaw of ekpyrotic theory which can be easily corrected. Hence, new ekpyrotic theory considers multiple scalar field and successfully generated a scalar spectrum which is scale invariant and slightly redshifted [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . Producing primordial gravitational waves sourced by the gauge field in the ekpyrotic scenario was also studied in [31] .
It is the purpose of this note to give a No-Go theorem of the ekpyrotic scenario in a ten-dimensional supergravity model which is low energy limit of a string theory. We study the dynamics of two scalar fields in the four-dimensional effective theory after a compactification in string theory. There are a dilaton and the volume modulus of the internal manifold in the effective theory, which is a four-dimensional theory of gravity minimally coupled to two-scalar fields. We will derive the two moduli fields with negative exponential potentials. Since this potential is steep, the scalar field should be satisfied by "fast-roll" condition instead of slow-roll parameter in inflation model [32, 33] . Although the terms coupling the scalar fields to the scalar curvature of the internal space and orientifold plane contribute the negative value to the potential in the string theory, we find that the potential does not satisfy the fastroll condition in general. Therefore, it is not possible for us to realize the ekpyrotic phase in a string theory.
Section 2 describes the potential of scalar field for ekpyrotic scenario and the way it derives the four-dimensional effective theory. We discuss the approach to the effective action in more detail. The No-Go theorem of the ekpyrosis thus given by the string theory is discussed. We also investigate the detailed properties of these models, their embedding in a string theory and their viability. For simplicity, we do not consider D-branes and the associated moduli except for the volume modulus (breathing mode) of internal space although the analysis would not be different.
Finally, section 3 provides a brief summary and an outlook to future develop-ments. We have tried to make the context of this note relatively self-contained, but some details for the derivation of four-dimensional effective action is contained in appendix A.
No-Go theorem of the ekpyrotic scenario in the type II theory
In this section, we consider compactifications of the type II theory to four-dimensional spacetime on compact manifold Y. The ten-dimensional low-energy effective action for the type II theory takes the form [34, 35] 
whereκ 2 is the ten-dimensional gravitational constant, R denotes the ten-dimensional Ricci scalar, φ is the scalar field, H is the NS-NS 3-form field strength, F p are the R-R p-form field strengths (p = 0, 2, 4, 6, 8 for type IIA, and p = 1, 3, 5, 7, 9 for type IIB) that are sourced by D-branes, and T Dp (T Op ) is the Dp-brane (Op-plane) charge and tension. Although there are Chern-Simons terms in the ten-dimensional action, these are essentially independent of the dilaton and the scale of the background metric. Hence, we will not consider them.
To compactify the theory to four dimensions, we consider the a metric ansatz of the form [34, 35] 
where ρ is breathing mode (volume modulus of the compact space), x µ denote the coordinates of four-dimensional spacetime, y i are local coordinates on the internal space Y, and g M N , q µν , u ij (Y) are the metric of ten-dimensional spacetime, fourdimensional spacetime, six-dimensional internal space, respectively. We assume that q µν , u ij depend only on the coordinates x µ , y i , respectively. Since we factored out the overall volume modulus (breathing mode) ρ of the internal space in the tendimensional metric (2.2), the modulus ρ is related to the total physical volume of the internal space v 6 and the volume of Y space v(Y) as
Here, g 6 , u denote the determinant of the metric g ij , u ij (Y) , respectively . The volume modulus ρ is chosen such that the metric u ij (Y) of the internal space is normalized v(Y) = 1 . After we integrate over the internal space Y, the four-dimensional effective action S E in the Einstein frame is given by
where R(Y) denotes the Ricci scalar constructed from the metric u ij (Y) and κ 2 is the four-dimensional gravitational constant. Orientifold planes occupy (p − 3)-dimensional internal space due to extending our four-dimensional universe. Then, the contribution of Op-plane (p ≥ 3) to moduli potential will survive. In the four-dimensional action, we have defined the dilaton modulus [34, 35] 
and performed a conformal transformation on the four-dimensional metric
Here,q µν is the four-dimensional metric in the Einstein frame.R andq in the fourdimensional action (2.4) are the Ricci scalar and the determinant constructed from the metricq µν , respectively. Because of the conformal transformation (2.6), the kinetic term of the fields ρ and τ is diagonal in the four-dimensional effective action. Since these fields do not have canonical kinetic energies, they are redefined as [34] 
The moduli potential arises from the compactification of the terms in ten-dimensional action (2.1) associated with the various field strengths, Dp-branes and Op-planes as well as the gravity and the dilaton. The 3-form H and p-form field strengths F p can have a non-vanishing integral over any closed three-, p-dimensional internal manifold of the compact space Y, and have to obey generalized Dirac charge quantization conditions, respectively
where h Σ and f
(p)
Cp are integers associated with number of quanta of H and F p through each three-, p-dimensional homology cycles Σ , C p in the internal manifold, respectively. We derive the potential energy in the four-dimensional Einstein frame arising from a three-form field strength H , and a p-form field strength F p coming from the terms in the ten-dimensional action (2.1) which is proportional to |H| 2 , |F p | 2 , respectively. We contract with three and p factors of the internal space metric g ij so that
Then we obtain the four-dimensional effective action in the Einstein frame:
where the moduli potential of four-dimensional effective theory is given by
Here, each components of the moduli potential can be expressed as [34] 
where A Y , A H , A p , A Dp , and A Op are coefficients to scale with fluxes and numbers of Op-planes and Dp-branes. These coefficients in general depend on the choice of flux integers h Σ , f
Cp , and also the function of the moduli of the internal space Y . When the potential form for the ekpyrotic scenario gives the negative and steep, the fast-roll parameters for the ekpyrosis have to obey [32, 33] 
This is analogy with the standard slow-roll parameters in inflation. The potential form satisfying the condition (2.13) gives the ekpyrotic period of slow contraction before the big bang.
In the following, we illustrate how the above ingredients may be useful from the point of view of excluding the ekpyrosis. We focus the discussion on the contribution of negative energy, which appear particularly promising. Our goal is only to show that simple, available ingredients in the type II theory have energy densities which scale with the volume and dilaton moduli in a way which suffices to obey our no-go theorem, which was based purely on scaling of energy densities. This should act as a guide to model building, but should be taken in the heuristic spirit it is offered.
It is especially interesting to understand the dynamics of moduli at negative potential energy. If there are non-trivial fluxes in the background (2.12), one notes that these make uplifting the moduli potential to positive energy. In this note, we consider the moduli potential (2.10) without flux:
Before discussing the No-Go theorem, we comment about the other moduli of the theory associated with the compactification. The four-dimensional effective action (2.10) includes in general kinetic energy terms of so-called Kähler moduli, complex structure moduli, and axions. As we have mentioned above, the various coefficients A Y , A H , A p , A Dp , and A Op in the potential (2.12) are complicated functions of these moduli. Although there are kinetic terms of these moduli in the four-dimensional effective action, their contributions will always be positive [34] . For simplicity, we do not consider the dynamics and fixing of these moduli in the following. However, if four-dimensional effective action is described by Kähler moduli, complex structure moduli, and axions as well as volume moduli (breathing mode), the moduli potential will be modified. We will discuss these in the end of this section. The stabilization mechanisms of all the geometric moduli and many axions in type II string theory have been discussed in [36, 37, 38, 39] .
Type IIA compactification
There are No-Go theorems which exclude slow roll inflation and de Sitter vacua in the simple IIA compactifications with orientifold planes [34, 40] . For the IIA flux compactifications on Calabi-Yau manifolds with O6-planes in the four-dimensional potential (2.11), the slow-roll inflation is forbidden [34] . The construction classical de Sitter vacua in IIA compactifications on internal manifolds with negative curvature and orientifold planes were studied in [35, 41, 42] .
In this section, we consider IIA compactifications on an internal space (2.6), namely positive curvature and Ricci flat spaces, involving orientifold planes, and discuss the No-Go theorem for ekpyrotic scenario. The analysis will focus on the behavior of the moduli potential in the volume modulus and dilaton. In order to present the no-go theorem using these fields, we have to still make sure that there are no steep directions of the scalar potential in the (ρ ,τ )-plane. The scalar potentials are shown in Fig. 1 for R(Y) = 1, and Fig. 3 for R(Y) = 0 . In such cases one can then study directions involvingρ ,τ and finds that the scalar potential satisfies
The fast-roll parameter ε f has the bound ε f > 6/31 . This results does not depend on the choice of coefficients A Y and A Op . The value of parameter ε f is not much less than one, which is the contradiction with the fast-roll condition for ekpyrosis (2.13) . Hence, ekpyrosis is not allowed. This can also be seen from the results in [43] . We illustrate the configuration of parameters ε f , η f in We also fix κ = 1 [34] . The moduli potential has negative value.
Type IIB compactification
There are many no-go theorems and exclude most concrete examples of de Sitter solution [36, 44, 45, 46, 47] . It is possible to evade simple no-go theorems of inflationary theory, the parameters ε f (τ ,ρ) , η f (τ ,ρ) , are depicted. We set κ = 1 [34] . Since these results give the contradiction with the fast-roll condition for ekpyrosis (2.13) , the ekpyrosis is not allowed. scenario for SU(2)×SU(2) with an SU(2)-structure and O5-and O7-planes. Although there are de Sitter critical points, these have at least one tachyonic direction with a large η (slow-roll) parameter [47] .
On the other hand, for type IIB compactifications in the ekpyrotic model, we have also seen that it is possible to obtain simple no-go theorems in the (ρ ,τ )-plane if one includes orientifold planes and the curvature of the internal space. The behavior of four-dimensional scalar potential is numerically illustrated in Fig. 5 for R(Y) = 1, and in Fig. 7 for R(Y) = 0 . , and set κ = 1 . in the moduli potential (2.12) for the type IIA theory. We depicted the behavior of the parameters ε f (τ ,ρ) , η f (τ ,ρ) . Our setup cannot describe the ekpyrotic scenario because the background does not obey the fast-roll condition (2.13).
From the Eq. (2.13), we find a constraint of the fast-roll parameter ε f
Unfortunately, the form moduli potential is not steep again as ε f and η f parameters turns out to be large value. Just as in the IIA analogue, one obtains the bound ε f > 1/6 . If we choose different values for A Y and A Op in the moduli potential (2.12), we can find again the same bound. We show fast-roll parameters ε f and η f numerically in Fig. 6 (for R(Y) = 1) and Fig. 8 (for R(Y) = 0) in the IIB theory.
If we consider the dynamics of remaining moduli such as Kähler moduli, complex structure moduli and axions, the potential is in general a function of hundreds of fields, for large number of infinite families of possible flux combinations on each of the many available internal manifolds. When we treat dynamics of these moduli or the coupling between moduli and fluxes or D-brane, O-plane, they contribute the potential. There is a possibility that the no-go theorems using these fields are circumvented.
Discussions
In this note, we have studied the No-Go theorem of the ekpyrosis for string theory in a spacetime of ten dimensions. We gave a potential of the scalar fields in fourdimensional effective theory, in terms of the compactification with smooth manifold.
The effective potential of two scalar fields can be constructed by postulating suitable emergent gravity, orientifold planes, and vanishing fluxes on the ten-dimensional 
and κ = 1 . The potential of the moduli becomes negative without flux. Figure 6 : We shows the behavior of parameters ε f (τ ,ρ) , η f (τ ,ρ) for the type IIB theory. , 5, 7, 9) , and κ = 1 , in the moduli potential (2.12), the parameters ε f (τ ,ρ) , η f (τ ,ρ) , are depicted. Since these results are not consistent with the fast-roll condition for ekpyrosis (2.13) , we cannot describe the ekpyrotic scenario in our background.
background. The construction of four-dimensional effective action was developed in [34] , mainly but not entirely in the context of a new ekpyrotic scenario.
We have used the results of section 2 to analyze the dynamics of moduli that can be constructed using a simple compactification. The scalar potential depends only on two moduli:ρ andτ . In such a simple setting, one can show that ε f > 6/31 for IIA theory and ε f > 1/6 for IIB theory whenever V (ρ ,τ ) < 0 . It has been known for some time [4] that the effective potential of scalar fields requires the fast-roll parameter to be small during the ekpyrotic phase. However, with the help of the tools developed in section 2, this is prohibited in a string theory with a compactification. Hence, the explicit nature of the dynamics has made it impossible to realize the , 5, 7, 9) , and κ = 1 is shown in the (τ ,ρ) space. Although the moduli potential becomes negative, the form of the moduli potential is not steep due to ε f > 1/6 , (See Fig. 8 ) . In this setup, we cannot describe the ekpyrotic scenario. ekpyrotic phase in the present note. This is consistent with the results in [43] .
As we have commented in Sec. 2 , we have not considered the dynamics for moduli other than the volume modulus of the six-dimensional internal space in this note. If these moduli have dynamics, kinetic terms of moduli appear in the four-dimensional effective theory. Moreover, since moduli couple to orientifolds, it is possible that there are other steep directions of the scalar potential in directions outside the (ρ , τ )-plane.
The compactification we have considered in this note also gives the No-Go theorem of the inflationary scenario as well as the ekpyrosis because the moduli potential cannot satisfy the slow-roll condition [34] . There are constrains or No-Go theorems to construct the inflationary or de Sitter model in the string theory with a few simple assumptions [34, 42, 48, 49, 50] .
In order to embed ekpyrotic or cyclic models in a ten-dimensional supergravity we have investigated in this note, we may consider some ingredients, for instance, the dynamics of remaining moduli, higher curvature correction other than orientifold and flux. We have not attempted an explicit construction here, since that will take us beyond the scope of this note. A lot of study remains to be done in string theory before a cosmologically realistic case is treated.
where u denotes the determinant of the metric u ij (Y) in (2.2) . We have used the volume modulus of the compact internal space ρ and defined the dilaton modulus τ
where g 6 is the determinant of the metric g ij . In order to obtain the canonical form in the gravity sector, we perform a conformal transformation on the four-dimensional metric to the Einstein frameq
where κ 2 is the four-dimensional constant and we have chosen a volume modulus ρ such that the metric u ij (Y) of the internal space is normalized d 6 y √ u = 1 . After performing the conformal transformation, the kinetic terms of moduli are given by diagonal form. Since these do not have canonical kinetic energies, we redefine them [34] 
In terms of fieldsρ ,τ , the gravity sector in the four-dimensional effective action is given by 5) where the Ricci scalarR , determinantq are defined with respect to the metricq µν , R(Y) denotes the Ricci scalar constructed from the metric u ij (Y) , and the coefficient A Y is the function of internal space moduli. Next we consider contributions of field strengths in the ten-dimensional action (2.1). We assume that field strengths H and F p can have a non-vanishing integral over any closed three-, p-dimensional homology cycle Σ , C p of the compact space Y, respectively. Since these field strengths satisfy the generalized Dirac charge quantization condition (2.8), the four-dimensional effective potential includes the appropriate factors of the volume and dilaton from the compactification. The contributions from the field strengths in the four-dimensional Einstein frame action can be expressed as 6) where coefficients A H and A p depend on the moduli of the internal space. Finally we consider the four-dimensional effective action coming from Dp-branes, Op-planes term in (2.1). Op-plane is compactified by (p − 3)-dimensional internal space because they extend our four-dimensional universe. Then, the four-dimensional Einstein frame action arises from the dimensional reduction of the terms in (2.1) associated with the various Dp-branes, Op-planes becomes
From Eqs. (A.5), (A.6) and (A.7), the four-dimensional effective action S E in the Einstein frame is described as
where V (τ ,ρ) is the scalar potential [34] :
